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('{_ 4.1 Angles and their Measures

> Central Angle— &(g{@ w \/ﬂ\*ﬁ)@ ?S CQ/{/IW OP

> Radian - Q&SL (\’LQ&&U(\Q, O-F‘ &ﬂ‘h"d M /f UJHM

are lengih = rodius \’\W { C?{"(\C’ has a
o Wy, ciclels ﬂacf‘\ﬂﬁ 6{/

My = Cceomierence. of Qe

f— radins—

o Radians to Degrees

1R0°
TG AN
o Degrees to Radians Cr‘(\ad\(}ﬁg
( & b

/ - .
(a) How many radians are in 45°? q% 150

y (b) How many degrees are in 7710 radians? % . - SLSH
(c) Find the [ength of an arc intercepted by 3 le of 1/8 radian in a circle of
' radius 24 inches. )/5 224 =(83
(d) Find the radian measure of a cenwal angle that intercepts an arc of length 5 in a circle

of radius r. X cod - \cod
- S =

e ——

C pnats

> Arclength -

\
I

Example

Find the perimétcr of a 45° slice of a large (10U ., radtus) pizza.

“ R=104106 S o rued 4o Binc

10 in,

Figure 4,1 A 45°slice of a large QSDV\ -
pizza. (_Q O g}j’f\ lo { g O : 70(?

3
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Example 2, [
Example B2 (i

A running track at a College has lanes that are 1 n‘?eter wide. The inside radius of lane one is 33
meters, and the inside radius of lane 2 is 34 meters— How much-lenger is-lane-2-thanJane 1

around one turr{? 6 s 5L{ \ﬂ"ﬁ 33 }.;/\

Serani QL
\@%W\ Sz = o @ 3/(’{ Slm

Example

Denzel Murphy’s truck has wheels 36 inches in diameter. If the wheels are rotating at
720 1pm {revolutions per minute), find the'truck’s speed in miles per hour.

7200 (0%, Sl 180T, 14 In' oot
“;;‘i. U ) et lad 22 he

Example

How many nautical miles is it from Boston to San Fancisco if there is a distance of 2698 stat

miles? y [, op S |
[P ‘ |z / X = L A
Jler mleS-= SROF (@Cb 120 ) O;%Obmd o

\srak mtle. = «87 gt mile
\ ot aile ~ (S stet e

> DMS Measure T AN

{a) Convert 23.325° to DMS.
{(b) Convert 30°30°'18” to degrees.

(0!

@a?(§@~=w§

(+5+ %)= 20
22° @' 30"

@ L daz Vo A B 50#5'»050

\2eC= V3000




;7 4.2 Trig Functions of Acute Angles (Day 1)

' ?\YP.
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7I@ge_nt 0

Cosecant
0:05

Secant I
ar ¢
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( opp

Special Right Triangles
45-45-90
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,_J—Q7 9{-1——?:(/@%5 30-60-90 J_/_./"""-/’u_-““" )
Jz e

0







eviem 4.1- D M Sec
Review 4.1 4&/’ A e

Convert DMS to decimal form, _

23912 Q3 &_0 Léﬂ% .
118%44'15” NG+ L’M l:m \\% 73‘75

Convert from deglmal to DMS form. PN

212° o & X103 \Q TTé:ré\
11832° , Bd.x 02 19, & {,&O LSC’ \Q“(

® Convert from radians to degrees
V‘é?" \%(3 e
/6 - @Q 7 %0
/10 ."|g°;‘ R o b M S

71/9 ] o' )

"“7;;-

2 I h;

© Convert from degrees to radians.

0 & (‘fg - | s e
45 Lj%’ 130 1“’57(2 h \v “to \"?x i "*;Tj\"”
120° 120 0 3 b ZQ? : )“ ]%D
o ol T TR0 \TF
100 )
Solve for each of the folIoerir:Dg 786 "(—-‘ Qﬁ‘ﬁ R )P(
i\ \ G5 Shes w
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| , U}f
TV S > | 300

5
' 16
T lo e
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, ) \5% I3

t SN 20 7 S
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4.2 Trigonometric Functions of Acute Angles

(]
_Exa ple 7 C/W |

Let @be an acule angie such that cos 0= 41, Evaluate the other five tngonomctnc. T Ty
functions of 8. “—5‘3 ‘ (’ -7 -7 Jfé 2
SN R AL av=ad Bery
\S‘?,; * t C “ﬁl N 3 3
L 500z T
‘ ton O \%_,_3 q
o
“Pln T ; \ Cot® s .4 Y33
HA e (o= v BRI
» Common Mistakes b&:} r;}? nou e
o Wrong Mode
TR mode

ot | .
{Tff) 0 USingInferse Trig Keys for Cot, Sec, and Cse Q@t @05 = Q&C\ﬂ 30)
X% ;. o

o Usiné shorthand that the calculator does not recongnize

o Not Closing parenthesis

B ,
e b\{:\f};ﬁh

~& ~.
Examgle - ”"”*“ '

A right triangle with hypotenuse 6 includes a 35° angle (Figure 4 3). Fmd the measures
of the other two angles and the lengths of the other two sides, ?}g
R
%0 -0~

, v Y ”'a%%;m%—zﬂ e 95 .
QP W S : n\%S ’L§ L s O b :

C; e LTB 5%\%\3 R T——
o AR PR )
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Y | bl
Lon 55 1§ ‘E 047%60 b 3

(oS BH - lﬁﬁ e \D/I'L "
5,55 ol
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Example

From a point 80 feet away from the base of a building, the angle of elevation to the top of
the building is 72°. (See Figure 4.4.) Find the height A of the building, g’“"ﬂ:l

801t

A

4.3 Trigo’nométrv: The Circular Function N VQ\\ Q/‘k‘\\fg O © W
¥ B} 3

Terminal side ¢ ¥
q\a \\J

. B : A positive angle - A negative angle
Initial side {counterclockwise) (clockwise)

(=) b)

Initial Side d
Vertex . /
Terminal Side,
Positive Angles e

/ 710
Negative Angles :

J B \ .
3 Standard Position - V@(\{QX on m@}r\l \Q(\TJW\O;Q, (S,\\C&Q p:)& }f*"(},ﬁlg

YV VYV

v

» Coterminal Angles ~ : ‘ %ﬁ}
Sosag Yatal o vertey & fermiold
hut AMe® meatyees TN




Example T (‘“}

{t&Fmd and draw a pogmve gn;}gle and a negative angle that are cotermmal with the glven ang]e -

N e - BpOo =D AP _— — - -
° a) 30° -330° = 3q0° a,) '

a}? _ by -150°  \O° -0
. ¢) 2M/3 radians

Example
Let 8be any angle in standard position whose terminal side contains the point (-2, 5).
Find the six trigonometric functions of 6. ‘ '
"
>, dz4

1)




Trigonometric Functions of Any Angle

Let & be any angle in standard position and let P(x,31)
be any point on the terminal side of the angle (except

the origin). Let » denote the distance from P(x,y)

to the origin, i.c.. letr = /x* +3° . Then

-

no=t T sesel oy
sind = » csed = " 4§ +_U~) .
cos@=£ scc@:?—: (xz0) ‘___L
?j .'-\‘ CCJ S
tand =2 (x20) col@== (=)
Ry ¥y
Sih , CoS
o3 =N
Example
Find the six trigonometric ﬁmctit;ns of 315° \ o
: - -
S B = ==
A\ Jdz
WS Y | —
SRRk COS3IS e
2.
{2 B
o3l —\
xample

Find the following without using a calcuiator.

Cos 120°

Tan -151T/4




» Quadrantal Angles — ﬁg LQ\Y)X %M\\f\
Q - QickS oue on coctd «cvﬁe QN\S ¢

Examgl |
T - .
Find each of the following, if it exists. % (@\'\\ o } \,; \

2) Sin (2709 — ,rﬁ . \ S\\O—t-—@

¢) Sec11l1/2 , &

J o\ 5.5¢ > \
X R Y \
LRy

o

=

r
] (oD

— Example e
Find sin #and tan by using the given information fo construct a reference {riangle.

(a) cos 8= T% and tan <0

(b) sec 8= %and sin@>0
}qcot Bis undefined and sin 81s positive
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( 4.4 Graphs of Sine and Cosine: Sinusoids
» The Sine Function ‘b ® ]R (SQ\CLL d
— ! 00 _’\ l 0 LN L
NARAR Y

?\ \\\ » The Cosine Function | MO dd te&a/{/}&of‘
| OL S rbi ﬁo\ . E\}‘“ﬁ\ C\{E&X\\SB |
: < oo E “\] Pou (\CQ-Qd
Continuousy No asymptotey
> Sinusoid ~ %(\Cﬂr\&d\% \\r\ ‘{_\6\\\ N No GC/\Q\CB\ EQX”\W
Y (X)) = . \ + OFO
£y % I C}\gwc&\ (oA

N T L S ¢ I Vo
> Amplitude of Sinusoid Seerch(Shea Lt down

=z \\Q,onA\Jv ot wowe, )O\\
O mﬁ%\k X-03aS UP e

ro St
Example
"’ Find the amplitude of each function and use the language of transformations to describe
how the graphs are related.

@ /\.0 &) J:!:.sifxx (b) Yz=%sinx @ =280
¢ fonp \ \/5
Vert s, vert sheteh 7

Poflect ovtr x-oxi'S
> Period of Sinusoid

- sradlest velue, whaee Soneken 'Wﬁ

5 m@%@x oM % .
@Ky”f}{& UE) \ j;ador - S (\'\fj\)%
%ép;“f;/\gf‘{\\ - \/\b\ - tor shefch 3




Example
Find the period of each function and use the language of transformations to describe how
the graphs are relatcd

?ﬂ:\jlj_m(a“, inx (myf—ssin[g}‘ (@ pe2snez B
o 240 Qor‘ akm
~ e Lf‘ﬂ" QTT\ e —
\ \Z TRl 2 {
- o HU(‘ %\\C\l\’(/\ /2

o st S&rﬁm@x

o Rofeckover KONS \ ;00 flock FMJ
» Frequency of a Sinusoid — “ron i) % es
Qaf\mp{e}cd oy j&f{ ot %a dnit wenall
( Rocye. ot Qﬂmo’\

Example

&‘ U Find the frequency of the function f{x) = 3 sin (3x/2) and interpret its meaning
\ graphically.

\?) Sketch the graph in the window [-2x, 271 by [-3, 3L
D O | A /\ A

el T 3 e {’ IR

» Phase Shift — ==%:{\CL(\S\ Cﬁj . C/(\ “E”"f C( % ‘#P\:\Q%{E(\
\c.s:\i "\ R up [duen -C

Example &Y\'\? Fenye o oeflekt
a) erte the cosine function as a phase shift of the sine function. /uﬁ' Jv/
) 2l "’?-ﬁ‘:;\'f ‘*‘?Uﬁ T otk SN\CX Jfﬂ\>
) b) Write the sine function as a phase shift of the cosine function. . é);

ﬂ%’ - Ok« COJ‘%()"’“ 3




2N C\n X w%-cié +

Construct a sinusoid with Qenod H/S‘and amplitude 6 that goes throug@

Rzl

bz ; 10 (83 z -z
lbanio(x-z\

= (o &\Y\(Ox ‘Z@\

N T

The graphs of y = asin(b(x — 1)) iy and

( Example ’

y=acos(b(x-h))+k (where a # 0 and

b # 0) have the following characteristics:

amplitude = [al; Q
: 27 -

period = —.

zh
1

frequency

Example

Construct a sinusoid y = flx) that rises from a minimum value of y 2 at x= Otoa
maximuny ofy 6 atx 6 (Figure 4.10).

e ﬂ 6-Z. . 1
gzl /LQO N\Q WE N a Figure 4.10 7
@@*\ oo\ &\4\ S oo
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Example L&Q l ‘ 2“" 5‘7 {:’% mi\“ ( : E
#75 On Labor Day the high tide in Southern California occurs at 7:12 AM. At that time you |
~ Theasure the wafer at the end of the Santa Monica Pier to'be 11 frdeep. At1:24 PMitislowtide = -
and you measure the water to be only 7 ft deep. Assume the depth of the water is a sinusoidal
function of time with a period of % lunar day, which is abou 12 hr 24 ymin.
»" a) At what time on that Labor Day does the first low tide occur?
& 5
b) What was the approximate depth of the water at 4:00 AM and at 9:00 PM?
¢q o5

c) Whatis the first time on that Labor Day that the water is 9 ft deep?

ol A

B

7 z | L | !ﬂ} \ py oh
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4.5 Graphs of Tangent, Cotangent, Secant, and Cosecant e

» Tangent Function | | | 31—
% 2 } 2
- b - | i
!/ l// i N | f\\} 1 7#\\

[V
_I

-~

% {\L\@j\/ﬁ D 'ig

» Cotangent Function 3

KM, AL
S

—-_—-—-—t—
.
—]
\
=

Example . % a8 m@\ﬁ%ﬁg\ﬁ

//']/Cé Describe the graph of y = —tan 39111 terms of a basic trigonomefric function. Locate the
LD vertical asymplotes and graph“four periods of the functxon

y=—toa x Over X S -%tor shawk /3

e 2 Q Asynpboes "m(g“%'
odc
NLTMOQ@QF\OA P@ﬂOC _@: b[/-\& /3
Example ~

Describe the graph of £x) =2 cot (x/2) — 1 in terms of a basic trigonometric function,
Locate the vertical asymptotes and graph four periods of the function.

ot X oVerkSitkch L @ ym e
%ﬂwf{% e @W%@ o Poiod dle

?ﬁh\m\ “«

v ™ {




» Secant Function ——

OS> X

N e 4

_ %\ 2%
—teyepores  otd otttz

» Cosecant Function \

-

W i
— Odd u%

~ PRWAUE =t -

/

\

s S P

3tz of
Example % 3

Find the value of x between 772 and mthat solves cscx @

7 o |

AL oo |
\ZP\ O

A

\’V N e
4 775 ‘E§A\ iz o
30 4 ' \




Function Period Domain Range
sin x 21 All reals [—1, 1]
Ccos X 21 All reals [—1, 1]
tan x T x # w2 + nm All reals
cot x T X #F nw All reals
sec x 2ar X # w2 + nir (—o00, —1]U[1, c0)
CSC X 21r X # nw (—oo, —11U[1, 00)
Function Asymptotes Zeros Even/Odd
sin x None nar Odd
COS X None 72 + nw Even
tan x x = w2 + nar nar Odd
cotx X = R w2 + nar Odd
sec x x =2 + nw None Even
CSC X
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4.6 Graphs of Composite Trigonometric Functions

Recall

_ P‘)}vnomlaIFunctlons \j )C \j 3}(“’ l - J
Exponential Functions % CQ”X % 5 73
Logarithmic Functions (’_)% X

Ve
Rational Functions B /X B /X “2) O“Q/S
Trigonometric Functmfls «3 - S\\(\ e \d =~ oS X ‘ 3 \C&\O

Graph each of the foliowing functions fo ¢ 200 < xmjusting the vertical window as

Example

C() needed. Which of the functions appear to be periodic?

o y=sim 2 NO - 3 Whory compos

b) y=x2sinx No {\‘\owy cz&r WO«Y W b& (
) y=(sinx)* €S - \ c. \;
d) y =sin(x)? \} e j&%?_ .

3t (x*’&ftﬂ“ =S X

x)lis periodic and determine its period graphically.
E———“"—__‘

Example
Verify algebraically that flxy=(cos

o B lxedn) =5 0O >
2 \)\)(e, Kf\OuJ Cod (%*QWS 65X - %n(\);g

A
(oS (xrat)
Example eoS X)E  Subsh
Find the domain, range, and penod of cach of the following functions. Sketch a graph

showing four periods,

@ A =leosxl () gl =loots}.”




4

-\

ates between two parallel lines. What are the equations of

\:5-: . Ox -\

\5: ‘,5)&9(

Sums That Are Sinusoid Functions

&
W

Example %;

a—

The graph of f(x) @+ sin x oscil
the two lines?

If v, = a,sin(b(x — 1)) and v, = a, cos(b(x = h,)), then
v+, =a Sill@.\‘ — )+ a, cosidix — A, )

P
is a sinusoid with period 27/Jb|. f\)) %(}JV )

Example

Determine whether f(x) is a sinusoid.
a) Fx)= su@— 3 cos@\le,s

b) F(x)= 200@;+8n‘@< \le,%
¢) Fx)=3sin2x-- Scosx NO

ey
WS

Example

Let fix) = 3 sinx +4 cos x. Since both sin x and cos x have period 27, fis periodic and is
a sinusoid,

(a) Find the period of £,

Estimate the amplitude and phase shift graphically (to the nearest hundredth).
(¢) Give a sinusoid in the form a sin (A(x— F)) that approximates f{x).

W H
g @mpsﬂmf% A%

Y= H Smé(«l- qg)




Example QX‘ M _ ( J

Show that f (x) = sin Zx + cos| 3x @ut not a sinusoid. Graph one period.

I )\\ﬂ, — y S O /\\/_
o

Q‘r(“fr
;é’?;é | O?‘iﬁ/}\/ L. Not %\\\080\\5

( > A gt
Koowo SN (k)= S0 % O ot
COY(x+W™) = = COS X z CS\(\ 2 (xt gxﬁ”} + (oS BC:H’Q\H%

(@ G+ co3Buebit)
» Damped Oscillation \ \ QQd) 2\ QX + Co% 3 X

(10 / @j@

Tell whether the function exhibits damped oscillation. If so, identify the dampmg factor and
tell whether the damping oceurs as X —0 or as x—0.

g/q% A) fx) sm3x .
" e €

B) f(x) = x3sin5x

(=9 2D

¢
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( ) 4.7 Inverse Trlgonometrlc Functions / Iy = CSC X
» Inverse Sine Function Lﬁ”ﬁ\ 3
:
L a (,/ﬂ
T ™ 1
2 2" R
: L | yan = | _
[-2, 2}by[—1212] [-1.5, L.5] by [-1.7, 1.7] yﬂbﬁ“mgﬁg
oﬁ O D %\fﬁ b g 0]
. VR A (S R S

Example
Find the exact value of ea pression without a calculator, 0
1) i

1
W 923,(2)@?‘;; H‘f“/smm (2 % D

«431—1,”4\
st owfafz) 4

Z




Example ( {

e a calculator in radian mode to evaluate these inverse sine values:
o (@knteoy =e 818 . - L
(b) 3in~* (sin 3.452))  __ \ : 1_, | Y
* T

3 Inverse Cosine Function - a// T )

l L1 41by [-14,14] (2, 2] by [-1, 3.5] 5

% Inverse Tangent Function ) ‘/I
- . ey I—

S
T

1
s+
s |-

R_

-3, 31 by [-2,2] {-4, 43 by [-2.8, 2.8]
(@) &)




Find the exact value of each expression without a calculator. L(

2) cos™ 32@]\ (®) tan” 1 © oS EL)

Example
Describe the end behavior ofjthe function f(x) = tan™*x

rd \‘\m -ep(’x,\) = «-;T(\/Z

; y ) btz;‘!)’

S S e = uﬁ\a :
: . k_ [ e “‘\0(72 \ \;;,-S;, ;} /ZJ .
Day Z'fCoxjmosing Functions .- G;{/nb,ﬂ(ﬂg\ Kﬁ(){)@(@dﬁ@ ‘

oS (tan

S

Exploration #1 pg. 383

NN ® - Tex 2
2N 4oat xz O S
| 3) hypolAle. = N | .
N (ot @) SO (T )
Hsec(tor (0 ) see @ HE (T
0 TP x<O, st #yeS vodtd!

Nes

f
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Example T N ) (— ;
Compose cach of the six basic trig functions ith-afcsi

\ functlon toan algebralc expression involving no ’t}"léL _

ST ok

MX: CoS (S ‘Q ""ﬂ &Q(S"EW = e

Leon ( 5\«" x) Cot(s\W e )alin®
oh Wy %

SX

Example — Real World %/CL

< z

The bottom of a 20-foot replay screen at Dodger Stadium is 45 feet above the pléying
field. Asyoumove away from the wall, the angle formed by the screen at your eye
changes. There is a distance from the wall at which the angle is the greatest. What is that
distance?
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4.8 Solving Problems with Trig

> Angle of Elevation — \(\Q":Z,CI\('C\Q UP

> Angle of Depression ”\\O{\TZC(\{'&Q' dﬂ){ﬂf\

Example

NoY BCUV‘L

From the top of the 120-fi tall Tallman Hall a man observes a car moving toward the

building. If the angle of depression of the car changes from 25° to 4
5°d
observation, how far dogs the car travel? uring the period of

g

L T N <

W

&

m :
patro bod
l? }r 0N Hw

and

bpat’ s beatin a d! #Nce from u

¢ *)’
07’

l |

Example

Aon HS = .i%ci x: [Q0ft:

)ZO L
tan % == )=

did averages-35 Knots (utical mph

he durs Al a-course o, 145°, Wh txs e B\\S{;‘ FMQ. X,t

NE 3?322"\0“\‘\'&3 #%Qgr%@amj

BC= 35 3-~ oS fiun Nee

© x,, 12,2 DYCE.

2. 705 IO% -

ton®: 1O
50,
O:=5b.3

A mass oscillating up and down on the bottom of a spring (assuming perfect elasticity

and no friction or air resistance) can be modeled as harmonic motion..f the weight is
displaced a maximum 0%(:111 find the modeling equation if it takeé 3 gmnds to

complete one cycle. (See Figure4.23.) Q 9{\{\ &)J o Co b}(

i -omes 1
=- o= — 25cm
=k =3

=F = =
=7 j———-J
=3 —_— =
= ==
-9 = -
f1 f.gecm =
_ =
= =
==
P )
e 1

A
5%\0&5
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